












set.seed(123) # for reproducibility

# Parameters
lambda_true <- 2 # true rate parameter
n_sim <- 1000 # number of simulations per sample size
sample_sizes <- 2 * 2^(0:6)

# Container for results
mle_estimates <- vector("list", length(sample_sizes))
names(mle_estimates) <- paste0("n = ", sample_sizes)

# Simulate MLEs
for (i in seq_along(sample_sizes)) {
n <- sample_sizes[i]
estimates <- numeric(n_sim)
for (j in 1:n_sim) {

sample <- rexp(n, rate = lambda_true)
estimates[j] <- 1 / mean(sample) # MLE of lambda

}
mle_estimates[[i]] <- estimates

}

# Combine into data frame for plotting
mle_data <- stack(mle_estimates)

# Box plot
boxplot(values ~ ind, data = mle_data,

main = "Sampling Distribution of MLE for Exponential(2)",
ylab = "MLE",
xlab = "",
col = "lightblue",
las = 2,
ylim = c(0, 8),
outline = FALSE)

abline(h = lambda_true, col = "red", lty = 2) # true value of lambda
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Each box plot is displaying the sampling distribution of the MLE for a different sample size
(based on 𝑀 = 1000 simulations). For smaller sample sizes, we see that there is some positive
bias, but as the sample size increases, the sampling distribution becomes more and more
concentrated around the true value of 𝜆 = 2. So via simulation, we demonstrate that this
estimator is biased but consistent.
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